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Abstract
A Costas array is a permutation array for which the vectors joining pairs of 1s are all
distinct. We propose a new three-dimensional combinatorial object related to Costas arrays:
an order n Costas cube is an array (di,j,k) of size n × n × n over Z2 for which each of the
three projections of the array onto two dimensions, namely (
∑
i di,j,k) and (
∑
j di,j,k) and
(
∑
k di,j,k), is an order n Costas array. We determine all Costas cubes of order at most 29,
showing that Costas cubes exist for all these orders except 18 and 19 and that a significant
proportion of the Costas arrays of certain orders occur as projections of Costas cubes. We
then present constructions for four infinite families of Costas cubes.
1 Introduction
We write I[X] for the indicator function of conditionX (so I[X] = 1 ifX is true, and 0 otherwise).
Let σ ∈ Sn be a permutation on {1, 2, . . . , n}. The permutation array (si,j) corresponding to σ
is the n× n array given by si,j = I[σ(j) = i], where the indices i and j range over {1, 2, . . . , n}.
For example, representing index i as increasing from left to right and index j as increasing from
bottom to top, the permutation array corresponding to the permutation (3, 5, 4, 2, 6, 1) ∈ S6 is
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where 1 entries of the permutation array are represented as shaded squares.
A permutation array (si,j) of order n is a Costas array if the vectors formed by joining pairs
of 1s in (si,j) are all distinct. J.P. Costas introduced these arrays in 1965 in order to improve the
performance of radar and sonar systems [7]: the radar or sonar frequency fi is transmitted in
time interval tj if and only if si,j = 1. An equivalent definition of a Costas array is a permutation
array each of whose out-of-phase aperiodic autocorrelations is at most 1.
Each Costas array belongs to an equivalence class formed by its orbit under the action of
the dihedral group D4 (the symmetry group of a square under rotation and reflection). The
equivalence class of a Costas array of order greater than 2 has size four or eight, depending on
whether or not its elements have reflective symmetry about a diagonal.
In 2008, Drakakis [5] proposed a generalization of Costas arrays to dimensions other than
two, based on aperiodic autocorrelations, and gave further details in [6]. This viewpoint has
the advantage that the one-dimensional case corresponds to a Golomb ruler [2], and was sub-
sequently studied in [1]. However, the associated generalization of a permutation to more than
two dimensions is problematic when the number of dimensions is odd, and the classical construc-
tions of Costas arrays due to Gilbert-Welch and Golomb (see Theorems 3 and 4) do not seem to
generalize in a natural way.
We instead propose a different generalization of Costas arrays to three dimensions, which
depends directly on two-dimensional Costas arrays.
Definition 1. The projections of a three-dimensional array (di,j,k) are Projection A = (ai,j) =
(
∑
k di,j,k), Projection B = (bi,k) = (
∑
j di,j,k), and Projection C = (cj,k) = (
∑
i di,j,k).
We call a multi-dimensional array whose entries all lie in {0, 1} an array over Z2.
Definition 2. An order n Costas cube is an n× n× n array over Z2 for which Projections A,
B, C are each order n Costas arrays.
For example, let D = (di,j,k) be the 6× 6× 6 array given by
di,j,k = I
[
(i, j, k) ∈ {(1, 6, 4), (2, 4, 6), (3, 1, 2), (4, 3, 1), (5, 2, 5), (6, 5, 3)}].
Then D is an order 6 Costas cube, and the Costas permutations corresponding to Projections
A, B, C are (3, 5, 4, 2, 6, 1), (4, 3, 6, 1, 5, 2), (3, 1, 5, 6, 2, 4), respectively. The Costas cube D and
its three associated projections are shown in Figure 1, where 1 entries of D are represented by
shaded cubes of size 1 × 1 × 1. (A three-dimensional array that is a Costas cube according to
Definition 2 is also a Costas cube according to the definition of Drakakis [5], [6]: if the multiset
of vectors joining pairs of 1 entries in such an array contains a repeat, so does the multiset of
vectors joining pairs of 1 entries for each of its three projections.)
Before considering Costas cubes in more detail, we explain how Definition 2 can be formu-
lated in terms of a three-dimensional generalization of permutation arrays. Define an order n
permutation cube to be an n × n × n array over Z2 for which Projections A, B, C are each or-
der n permutation arrays. Then a Costas cube is a permutation cube for which the permutation
arrays given by Projections A, B, C have the additional property that they are Costas arrays.
Moreover, we can regard an order n permutation array (si,j) as an n×n array over Z2 for which∑
i si,j = 1 for each j, and
∑
j si,j = 1 for each i. We then see that an order n permutation
cube (di,j,k) can be equivalently defined as an n × n × n array over Z2 for which each two-
dimensional subarray contains exactly one 1 entry:
∑
i,j di,j,k = 1 for each k, and
∑
i,k di,j,k = 1
for each j, and
∑
j,k di,j,k = 1 for each i. Eriksson and Linusson [10] refer to this equivalent
definition of a permutation cube as a sparse 3-dimensional permutation array, and note that
sparse higher-dimensional arrays were used by Pascal in 1900 [14] to define higher-dimensional
determinants.
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Figure 1: Costas cube and its three projections
3
Each Costas cube D belongs to an equivalence class E(D) formed by its orbit under the
action of the order 48 symmetry group of a cube under rotation and reflection; the subgroup
of this symmetry group under rotation but not reflection has order 24 and is isomorphic to S4.
By taking Projection A (say) of each of the elements of E(D), and discarding repeats if any,
we obtain the set S(D) of distinct Costas arrays occurring as projections of D. This set S(D)
is the union of one or more equivalence classes of Costas arrays, and so its size is a multiple
of 4. We may exclude reflections of D when forming S(D), because a reflection of a projection
of a Costas cube can be realized as a rotation of the cube. The size of S(D) is therefore at
most 24, although it can be smaller. For example, we find that as D ranges over the order 6
Costas cubes (as determined by the method of Section 2), the size of the set S(D) takes each
value in {4, 8, 12, 16, 20, 24}. In particular, the set S(D) for the order 6 Costas cube D = (di,j,k)
given by
di,j,k = I
[
(i, j, k) ∈ {(1, 2, 4), (2, 4, 1), (3, 5, 6), (4, 1, 2), (5, 6, 3), (6, 3, 5)}]
has size 4: its elements comprise a single equivalence class of Costas arrays whose corresponding
permutations are (2, 4, 5, 1, 6, 3), (3, 6, 1, 5, 4, 2), (4, 1, 6, 2, 3, 5), (5, 3, 2, 6, 1, 4). We show in Sec-
tion 3 that this example is a member of an infinite family of Costas cubes all of whose elements
D satisfy |S(D)| = 4.
We have three principal motivations for proposing Costas cubes. The first is to provide
new perspectives on the observed existence pattern for Costas arrays. The second is to ask
whether the favourable projection and autocorrelation properties of Costas cubes render them
suitable for use in digital communications applications such as optical orthogonal codes and
digital watermarking (as has been proposed [1] for the generalization of Costas arrays due to
Drakakis). The third is to present these structures as being of mathematical interest in their
own right.
2 Determination of Costas cubes of order at most 29
All Costas arrays of order at most 29 have been determined by exhaustive search: those of order
at most 27 were listed in the database [15], and those of order 28 and 29 are listed in [8] and
[9], respectively. Now any two of the Projections A, B, C of a permutation cube determine the
cube and therefore the third Projection. We may therefore determine all Costas cubes of order
n ≤ 29 in the following way. For each ordered pair of (not necessarily distinct, not necessarily
inequivalent) Costas arrays (A, B) of order n, let D be the permutation cube whose Projections
A and B are arrays A and B, respectively, and retain those permutation cubes D for which
Projection C is a Costas array. All retained permutation cubes D are Costas cubes of order n;
select one representative of each equivalence class of retained cubes.
Table 1 displays, for each n ≤ 29: the number of equivalence classes of Costas cubes of
order n; the number of equivalence classes of Costas arrays of order n which are projections of
some Costas cubes of order n; and, for comparison, the total number of equivalence classes of
Costas arrays of order n. We see that Costas cubes exist for all orders n ≤ 29 except 18 and 19,
and that a significant proportion of the Costas arrays of certain orders occur as projections of
Costas cubes.
3 Four infinite families of Costas cubes
In this section we give algebraic constructions for four infinite families of Costas cubes.
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Order # equivalence classes # equivalence classes Total #
of Costas cubes of Costas arrays equivalence classes
which are projections of Costas arrays
of some Costas cube
2 1 1 1
3 1 1 1
4 2 1 2
5 13 6 6
6 47 17 17
7 30 26 30
8 42 44 60
9 46 61 100
10 69 133 277
11 66 126 555
12 34 74 990
13 11 22 1616
14 6 6 2168
15 33 19 2467
16 6 6 2648
17 19 12 2294
18 0 0 1892
19 0 0 1283
20 2 3 810
21 50 20 446
22 4 9 259
23 11 7 114
24 2 1 25
25 20 7 12
26 1 2 8
27 77 27 29
28 3 4 89
29 33 18 23
Table 1: Inequivalent Costas cubes and their inequivalent projections to Costas arrays
Theorems 3 and 4 describe two classical constructions producing infinite families of Costas
arrays. In these theorems (and also in Theorems 5 and 6 below), the equation appearing in the
argument of the indicator function is regarded over the associated field (Fp or Fq).
Theorem 3 (Gilbert-Welch construction W1(p, φ, c) [11], [12]). Let p > 2 be prime, let φ be a
primitive element of Fp, and let c ∈ Fp. Then the array (si,j) given by
si,j = I[φ
j+c = i] for i, j ∈ {1, 2, . . . , p− 1}
is an order p− 1 Costas array.
Theorem 4 (Golomb construction G2(q, φ, ρ) [12]). Let q > 3 be a prime power, and let φ and
ρ be (not necessarily distinct) primitive elements of Fq. Then the array (si,j) given by
si,j = I[φ
i + ρj = 1] for i, j ∈ {1, 2, . . . , q − 2}
is an order q − 2 Costas array.
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Several variants of the constructions of Theorems 3 and 4 have been found. Of interest in the
present context are the variant family of Gilbert-Welch Costas arrays of Theorem 5, as described
in [4, Theorem 7.30], and the variant family of Golomb Costas arrays of Theorem 6.
Theorem 5 (Gilbert-Welch construction W2(p, φ)). Let p > 3 be prime and let φ be a primitive
element of Fp. Then the array (si,j) given by
si,j = I[i = φ
j − 1] for i, j ∈ {1, 2, . . . , p− 2}
is an order p− 2 Costas array.
Theorem 6 (Golomb construction G3(q, φ) [12]). Let q > 3 be a prime power, and let φ be a
primitive element of Fq for which 1− φ is also primitive. Then the array (si,j) given by
si,j = I[φ
i+1 + (1− φ)j+1 = 1] for i, j ∈ {1, 2, . . . , q − 3}
is an order q − 3 Costas array.
For each prime power q, there is a primitive element φ for which 1 − φ is also primitive (as
required in Theorem 6) [3], [13]. For each such φ, the G2(q, φ, 1− φ) Costas array (ti,j) satisfies
t1,1 = 1 and the G3(q, φ) Costas array (si,j) of Theorem 6 can be viewed as arising from the
removal of the row and column of (ti,j) containing the position (1, 1) to form (si,j) = (ti+1,j+1).
We now give our first algebraic construction of an infinite family of Costas cubes. Each of
Projections A, B, C in this construction is a G2 Golomb Costas array. For q a prime power, we
have
(1− y)−1 + (1− y−1)−1 = 1 for y ∈ Fq \ {0, 1} (1)
and
{φi : 1 ≤ i ≤ q − 2} = Fq \ {0, 1} for φ ∈ Fq primitive. (2)
Theorem 7. Let q > 3 be a prime power, and let φ, ρ, ψ be (not necessarily distinct) primitive
elements of Fq. Then the array D = (di,j,k) over Z2 given by
di,j,k = I[φ
i+ρ−j = 1 and φ−i+ψk = 1 and ρj +ψ−k = 1] for i, j, k ∈ {1, 2, . . . , q − 2}
(3)
is an order q − 2 Costas cube for which Projection A is a G2(q, φ, ρ−1) Golomb Costas array,
Projection B is a G2(q, φ
−1, ψ) Golomb Costas array, and Projection C is a G2(q, ρ, ψ−1) Golomb
Costas array.
Proof. By Definition 2, it is sufficient to show that each of Projections A, B and C is the specified
Costas array.
Consider Projection A = (ai,j) = (
∑
k di,j,k). By (1), any two of the three conditions in the
indicator function of (3) (namely φi + ρ−j = 1 and φ−i + ψk = 1 and ρj + ψ−k = 1) imply the
third, so we may rewrite (3) as
di,j,k = I[φ
i + ρ−j = 1 and φ−i + ψk = 1].
For i, j ∈ {1, 2, . . . , q − 2}, sum over k to give
ai,j =
q−2∑
k=1
I[φi + ρ−j = 1 and φ−i + ψk = 1].
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Now 1 − φ−i ∈ Fq \ {0, 1}, so by (2) there is exactly one value k ∈ {1, 2, . . . , q − 2} for which
φ−i + ψk = 1. Therefore
ai,j = I[φ
i + ρ−j = 1],
and so Projection A is a G2(q, φ, ρ
−1) Golomb Costas array by Theorem 4.
Similar arguments apply to Projections B = (bi,k) = (
∑
j di,j,k) and C = (cj,k) = (
∑
i di,j,k).
Example 8. We construct a Costas cube D = (di,j,k) of order 14 according to Theorem 7,
using q = 16. Represent F24 as Z2[x]/〈1 + x3 + x4〉, and take φ = x and ρ = 1 + x2 + x3 and
ψ = x+ x2 + x3. Then from (3), the triples (i, j, k) for which di,j,k = 1 are given by
i 1 2 3 4 5 6 7 8 9 10 11 12 13 14
j 3 6 1 12 10 2 7 9 8 5 11 4 13 14
k 7 14 2 13 10 4 12 11 1 5 6 8 3 9
and the permutations corresponding to Projections A, B, C of D are given by
A 3 6 1 12 10 2 7 9 8 5 11 4 13 14
B 9 3 13 6 10 11 1 12 14 5 8 7 4 2
C 8 1 13 2 5 11 3 4 14 10 9 7 12 6
Note that in the special case φ = ρ = ψ, the three projections of the Costas cube D specified in
Theorem 7 are G2(q, φ, φ
−1), G2(q, φ−1, φ) and G2(q, φ, φ−1). From Theorem 4, these projections
all belong to a single equivalence class of Costas arrays having symmetry about a diagonal, and so
the set S(D) of distinct Costas arrays occurring as projections of D has size 4. The order 6 Costas
cube with this property that was given at the end of Section 1 is constructed by representing F23
as Z2[x]/〈1 + x2 + x3〉 and taking φ = ρ = ψ = 1 + x+ x2.
We now give our second algebraic construction of an infinite family of Costas cubes. Pro-
jections A and B in this construction are (equivalent to) W2 Gilbert-Welch Costas arrays, and
Projection C is a G2 Golomb Costas array.
Theorem 9. Let p > 3 be prime, and let φ, ψ be (not necessarily distinct) primitive elements
of Fp. Then the array D = (di,j,k) over Z2 given by
di,j,k = I[i = φ
j − 1 = −ψk] for i, j, k ∈ {1, 2, . . . , p− 2} (4)
is an order p− 2 Costas cube for which Projection A is a W2(p, φ) Gilbert-Welch Costas array,
Projection B is the reflection through a vertical axis of a W2(p, ψ) Gilbert-Welch Costas array,
and Projection C is a G2(p, φ, ψ) Golomb Costas array.
Proof. Consider Projection A = (ai,j) = (
∑
k di,j,k). For i, j ∈ {1, 2, . . . , p − 2}, sum (4) over k
to obtain
ai,j =
p−2∑
k=1
I[i = φj − 1 and i = −ψk].
By (2) we have −ψk ∈ Fp \ {0,−1}, and so there is exactly one value k ∈ {1, 2, . . . , p − 2} for
which i = −ψk. Therefore
ai,j = I[i = φ
j − 1],
and so Projection A is a W2(p, φ) Gilbert-Welch Costas array by Theorem 5.
For Projection C = (cj,k) = (
∑
i di,j,k), rewrite (4) as
di,j,k = I[i = −ψk and φj + ψk = 1] (5)
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and similarly sum over i to obtain
cj,k = I[φ
j + ψk = 1],
so that Projection C is a G2(p, φ, ψ) Golomb Costas array.
For Projection B = (bi,k) = (
∑
j di,j,k), similarly sum (5) over j to obtain
bi,k = I[i = −ψk].
The reflection (ri,k) through a vertical axis of a W2(p, ψ) Gilbert-Welch Costas array (si,k) is
given by
ri,k = sp−1−i,k = I[p− 1− i = ψk − 1] = I[i = −ψk],
and so the reflection (ri,k) equals Projection B = (bi,k).
Example 10. We construct a Costas cube D = (di,j,k) of order 11 according to Theorem 9,
using p = 13, φ = 11 and ψ = 6. From (4), the triples (i, j, k) for which di,j,k = 1 are given by
i 1 2 3 4 5 6 7 8 9 10 11
j 7 4 2 3 11 5 9 8 10 1 6
k 6 11 2 4 3 7 1 9 10 8 5
and the permutations corresponding to Projections A, B, C of D are given by
A 10 3 4 2 6 11 1 8 7 9 5
B 7 3 5 4 11 1 6 10 8 9 2
C 9 2 11 3 6 7 5 1 8 10 4
We now give our third and fourth algebraic constructions of an infinite family of Costas cubes.
Each of Projections A, B, C in both of these constructions is (equivalent to) a G3 Golomb Costas
array.
Theorem 11. Let q > 3 be a prime power, and suppose there exists a primitive element φ of Fq
for which both 1− φ and 1− φ−1 are also primitive. Then
(i) the array D = (di,j,k) over Z2 given by
di,j,k =I[φ
i+1 + (1− φ)j+1 = 1 and φ−(i+1) + (1− φ−1)k+1 = 1 and
(1− φ)−(j+1) + (1− φ−1)−(k+1) = 1] for i, j, k ∈ {1, 2, . . . , q − 3} (6)
is an order q − 3 Costas cube for which Projection A is a G3(q, φ) Golomb Costas array,
Projection B is a G3(q, φ
−1) Golomb Costas array, and Projection C is a G3(q, (1− φ)−1)
Golomb Costas array.
(ii) the array E = (ei,j,k) over Z2 given by
ei,j,k =I[φ
i+1 + (1− φ)j+1 = 1 and φi + (1− φ−1)k+1 = 1 and
(1− φ)j + (1− φ−1)k = 1] for i, j, k ∈ {1, 2, . . . , q − 3} (7)
is an order q − 3 Costas cube for which Projection A is a G3(q, φ) Golomb Costas array,
Projection B is the reflection through a vertical axis of a G3(q, φ
−1) Golomb Costas array,
and Projection C is the rotation through 180◦ of a G3(q, (1− φ)−1) Golomb Costas array.
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Proof. By Definition 2, we must show that each of Projections A, B, C for (i) and (ii) is the
specified Costas array.
(i) Consider Projection A = (ai,j) = (
∑
k di,j,k). By (1), any two of the three conditions in
the indicator function of (6) imply the third, so we may rewrite (6) as
di,j,k = I[φ
i+1 + (1− φ)j+1 = 1 and φ−(i+1) + (1− φ−1)k+1 = 1].
For i, j ∈ {1, 2, . . . , q − 3}, sum over k to obtain
ai,j =
q−3∑
k=1
I[φi+1 + (1− φ)j+1 = 1 and φ−(i+1) + (1− φ−1)k+1 = 1].
Now 1 − φ−(i+1) ∈ Fq \ {0, 1, 1 − φ−1}, and 1 − φ−1 is primitive by assumption, so by
(2) there is exactly one value k ∈ {1, 2, . . . , q − 3} for which φ−(i+1) + (1 − φ−1)k+1 = 1.
Therefore
ai,j = I[φ
i+1 + (1− φ)j+1 = 1],
and so Projection A is a G3(q, φ) Golomb Costas array by Theorem 6.
Similar arguments apply to ProjectionsB = (bi,k) = (
∑
j di,j,k) and C = (cj,k) = (
∑
i di,j,k).
For Projection C, note that we may use (1) to rewrite the condition (1 − φ)−(j+1) + (1 −
φ−1)−(k+1) = 1 in the indicator function of (6) as ((1− φ)−1)j+1 + (1− (1− φ)−1)k+1 = 1.
(ii) By (1), any two of the three conditions in the indicator function of (7) imply the third.
Let i, j, k ∈ {1, 2, . . . , q − 3}. By similar arguments to those used to prove (i), Projections
A = (ai,j), B = (bi,k), C = (cj,k) satisfy
ai,j = I[φ
i+1 + (1− φ)j+1 = 1],
bi,k = I[φ
i + (1− φ−1)k+1 = 1],
cj,k = I[(1− φ)j + (1− φ−1)k = 1].
Therefore Projection A is a G3(q, φ) Golomb Costas array by Theorem 6.
The reflection (ri,k) through a vertical axis of a G3(q, φ
−1) Golomb Costas array (si,k) is
given by
ri,k = sq−2−i,k = I[(φ−1)q−1−i + (1− φ−1)k+1 = 1] = I[φi + (1− φ−1)k+1 = 1] = bi,k,
and so Projection B equals the reflection (ri,k).
The rotation (r′j,k) through 180
◦ of a G3(q, (1− φ)−1) Golomb Costas array (s′j,k) is given
by
r′j,k = s
′
q−2−j,q−2−k = I[((1− φ)−1)q−1−j + (1− (1− φ)−1)q−1−k = 1].
Therefore by (1),
r′j,k = I[(1− φ)j + (1− φ−1)k = 1] = cj,k,
and so Projection C equals the rotation (r′j,k).
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Example 12. We construct Costas cubes D = (di,j,k) and E = (ei,j,k) of order 24 according to
Theorem 11, using q = 27. Represent F33 as Z3[x]/〈1 + 2x2 +x3〉 and take φ = 2 + 2x, for which
1 − φ = 2 + x and 1 − φ−1 = x + x2 are also primitive. From (6), the triples (i, j, k) for which
di,j,k = 1 are given by
i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
j 6 2 4 7 20 21 3 8 18 15 14 12 5 23 17 24 10 19 9 13 1 16 11 22
k 21 2 7 3 13 1 4 8 19 17 23 12 20 11 10 22 15 9 18 5 6 24 14 16
and the permutations corresponding to Projections A, B, C of D are given by
A 21 2 7 3 13 1 4 8 19 17 23 12 20 11 10 22 15 9 18 5 6 24 14 16
B 6 2 4 7 20 21 3 8 18 15 14 12 5 23 17 24 10 19 9 13 1 16 11 12
C 21 2 7 3 13 1 4 8 19 17 23 12 20 11 10 22 15 9 18 5 6 24 14 16
From (7), the triples (i, j, k) for which ei,j,k = 1 are given by
i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
j 6 2 4 7 20 21 3 8 18 15 14 12 5 23 17 24 10 19 9 13 1 16 11 22
k 16 14 24 6 5 18 9 15 22 10 11 20 12 23 17 19 8 4 1 13 3 7 2 21
and the permutations corresponding to Projections A, B, C of E are given by
A 21 2 7 3 13 1 4 8 19 17 23 12 20 11 10 22 15 9 18 5 6 24 14 16
B 19 23 21 18 5 4 22 17 7 10 11 13 20 2 8 1 15 6 16 12 24 9 14 3
C 9 11 1 19 20 7 16 10 3 15 14 5 13 2 8 6 17 21 24 12 22 18 23 4
A primitive element φ for which both 1− φ and 1− φ−1 are also primitive in Fq (as required
in Theorem 11) does not necessarily exist for a prime power q; for example, there is no such
primitive element in F24 . If such a φ exists, then the order q− 2 Costas cube (fi,j,k) constructed
in Theorem 7 with (φ, ρ, ψ) = (φ, (1− φ)−1, 1− φ−1) satisfies f1,1,1 = 1, by (1). The order q − 3
Costas cube (di,j,k) of Theorem 11 (i) can then be viewed as arising from the removal of the three
planes of (fi,j,k) containing the position (1, 1, 1) to form (di,j,k) = (fi+1,j+1,k+1). Furthermore,
the Costas cube (ei,j,k) of Theorem 11 (ii) can be obtained from (di,j,k) by the rule
ei,j(i),k(i) = 1 if and only if di,j(i),k(q−2−i) = 1
(as illustrated in Example 12). Application of this rule does not necessarily preserve the Costas
cube property, and so (di,j,k) and (ei,j,k) are inequivalent Costas cubes in general (even though
Theorem 11 shows that Projections A of these two cubes are identical, Projections B are equiv-
alent Costas arrays, and Projections C are equivalent Costas arrays).
Table 2 displays, for n ≤ 29, the number of equivalence classes of Costas cubes of order n
constructed by Theorems 7, 9, and 11, and for comparison the total number of equivalence
classes of Costas cubes of order n. By direct verification, all equivalence classes of Costas cubes
of order at most 29 for which all three Projections A, B, C are G2 Golomb Costas arrays are
constructed by Theorem 7; all equivalence classes of Costas cubes of order at most 29 for which
two of Projections A, B, C are equivalent to W2 Gilbert-Welch Costas arrays and the third
Projection is a Golomb Costas array are constructed by Theorem 9; and all equivalence classes
of Costas cubes of order greater than 2 and at most 29 for which all three Projections A, B, C
are equivalent to G3 Golomb Costas arrays are constructed by Theorem 11.
Table 2 shows that the existence of Costas cubes of order 2, 3, 4, 20, 21, 24, 25, and 27 is
completely explained by Theorems 7,9, and 11. It would be interesting to find an explanation for
the existence of the equivalence classes of Costas cubes not constructed by these three theorems,
which would allow us to explain the existence of those associated Costas array projections that
are currently regarded as sporadic.
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Order # equivalence # equivalence # equivalence Total #
classes of Costas classes of Costas classes of Costas equivalence classes
cubes constructed cubes constructed cubes constructed of Costas cubes
by Theorem 7 by Theorem 9 by Theorem 11
2 1 1
3 1 1 1
4 2 2
5 1 1 2 13
6 4 47
7 2 30
9 4 3 46
11 4 3 66
14 5 6
15 20 10 33
17 10 6 19
20 2 2
21 35 15 50
23 10 11
24 2 2
25 20 20
27 56 21 77
29 20 10 2 33
Table 2: Inequivalent Costas cubes constructed by Theorems 7, 9, and 11 (the order 3 Costas
cube arises under Theorem 7 and also under Theorem 9)
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